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Agreement Among Voting Rules Under Single-Peaked
Preference Distributions

Vincent Mousseau?, Henri Surugue®* and Anaélle Wilczynski®

AMICS, CentraleSupélec, Université Paris-Saclay

Abstract. Many different voting rules have been proposed in the
literature and they can select very different alternatives. This natu-
rally raises the question of whether this diversity in outcomes often
occurs. Previous works have shown that the probability that voting
rules agree on the same outcome is generally quite low under impar-
tial culture. In this article, we use a similar probabilistic approach
on single-peaked cultures, which are more structured and typically
more realistic than impartial culture. We provide conditions for vot-
ing rules to agree under standard single-peaked cultures, and show
that the probability of agreement between rather large families of
voting rules is much higher under such cultures, with fast conver-
gence of this probability with respect to the number of voters. We
finally provide some insights on other structured preference distribu-
tions, observing that many exhibit similar convergence in agreement,
including the Mallows’ distribution. Our study reveals a tendency
of several well-known voting cultures to bias the outcome of vot-
ing rules, which is worth knowing before conducting experiments on
synthetic data.

1 Introduction

A major topic in voting theory is the design of good voting rules.
However, the social choice literature is famous for impossibility the-
orems, e.g., Arrow’s [1] or Gibbard-Satterthwaite [25, 41] theorems,
basically stating that no perfect voting rule exists. Many different
voting rules have been designed along the years, and a large body of
literature is devoted to their axiomatic characterization [2]. In fact,
different voting rules can select very different alternatives. How-
ever, does this behavior often occur? This question has been raised
by many articles [24] which study the probability that different vot-
ing rules disagree on their outcome. Indeed, exploring the agreement
among voting rules can help understand the similarity between vot-
ing rules, in an orthogonal perspective than the axiomatic study.
Most of the works on voting rules’ agreement focus on the im-
partial (anonymous) culture, where each preference order (or score),
is uniformly drawn from the whole set of linear orders over candi-
dates. Such study is necessary because the impartial culture can ar-
guably be seen as the most neutral. However, it does not capture real
voters’ preferences, which are usually far from being uniformly dis-
tributed. Moreover, most results on impartial culture highlight that
voting rules rarely agree. Therefore, exploring more structured and
realistic cultures may provide new insights on differences between
voting rules. In this article, we will focus on cultures generating
single-peaked preferences [5], which make sense in several contexts
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such as, e.g., political elections where a left-right axis can structure
most voters’ preferences. Even though single-peaked cultures are still
far from being a perfect match to real data [18], they are much more
realistic than impartial culture, so these models can be seen as a bet-
ter approximation of the reality in some contexts.

In another point of view, studying agreement between voting rules
under single-peaked cultures can also improve the understanding of
such cultures. A key question in computational social choice, and in
particular in voting theory, is how to generate relevant synthetic data
for experiments on elections [8]. Conducting an empirical study via
computer simulations can indeed be very useful to support or com-
plement theoretical results for many voting problems, e.g., manipu-
lation, winner determination, bribery and control, or the analysis of
possible and necessary winners [9]. The ideal solution to perform ex-
periments would be to use real-world data [14, 38, 39], see, e.g., the
Preflib platform [33]. However, typically, we only have access to lim-
ited and context-dependent real-world data, which makes the exper-
imental results potentially difficult to generalize. In contrast, using
synthetic data allows to simulate elections of any size and to control
the experiments’ parameters. However, for experiments to be mean-
ingful, we also need to simulate realistic elections, raising the ques-
tion of a compromise between realism and flexibility. A large num-
ber of statistical cultures exist for generating elections [42]. Among
them, single-peaked distributions are quite often used, as reported
by Boehmer et al. [8]. Therefore, exploring voting rules’ agreement
under single-peaked cultures is relevant to better understand these
commonly used cultures and better interpret experimental studies.

Let us illustrate possible issues in the interpretation of experi-
ments. For instance, if one would like to compare how often differ-
ent rules violate the majority criterion (i.e., a candidate ranked first
by half of the voters should be elected), then experiments could be
used. However, the conclusions may be very different depending on
the voting culture used to generate synthetic data. In particular, using
single-peaked cultures may lead to different conclusions compared
to impartial culture, especially if the results on voting rules’ agree-
ment are very different. In particular, if two voting rules frequently
agree under a given culture then the results will be similar because
the voting rules are close under that culture, not because of the prob-
lem itself. In any case, knowing how the statistical tool works is a
prerequisite for a good empirical study.

In this article, we study the probability of agreement of differ-
ent voting rules under single-peaked cultures. Up to our best knowl-
edge, this question has been surprisingly neglected for cultures more
structured than impartial ones. One notable exception is the work
of Chatterjee and Storcken [12] on unimodal profiles. We focus our
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study on two well-known models to generate single-peaked elec-
tions: Walsh’s [43] and Conitzer’s [13] models. They consider dif-
ferent ways of uniformly drawing single-peaked preference orders:
either uniformly within the whole single-peaked domain [43], or uni-
formly with respect to the peak candidate in the order [13].

We particularly examine positional scoring rules (PSRs), which
compute scores for the candidates based on their position in the vot-
ers’ preferences. This family covers many famous voting rules, such
as k-approval rules like plurality or veto, and the Borda rule. We
show that for both Walsh’s and Conitzer’s distributions, many PSRs
tend to elect the median candidate(s) in the single-peaked axis, which
turns out to be the asymptotic Condorcet winner, implying that these
rules also agree with Condorcet-consistent rules. We also provide a
lower bound on the speed of convergence to such a winner, meaning
that this result holds for reasonable election sizes. We characterize
these rules for both cultures and observe that this set is larger for
Walsh’s distribution, which is coherent with its definition. Conitzer’s
distribution seems to be more neutral toward the candidates, in the
sense of probability to be elected. We further study this aspect by
examining when single-peaked distributions are unbiased, i.e., when
they do not favor any candidate with respect to a given voting rule.

Finally, we provide some insights on the agreement among vot-
ing rules under two other structured preference distributions: uni-
modal distributions, which include Mallows’ cultures [32], where
we complete Theorem 4.1 of Chatterjee and Storcken [12] to prove
a rapid convergence to a large probability of agreement; and Pélya-
Eggenberger urns [16], where we show that even if the probability of
agreement remains high, the convergence toward one is not guaran-
teed.

2 Related Work

The question of agreement among voting rules was initiated by
Gehrlein and Fishburn [21, 22] who give an explicit probability of
agreement between two positional scoring rules in the case of three
candidates under impartial culture. They prove that the probability
of all scoring rules to agree in large elections is 0.5346. Many nec-
essary conditions have then been derived to characterize the agree-
ment of all positional scoring rules [36, 37, 40]. In particular, Merlin
et al. [36] give the probability (i.e., 0.50116) under impartial culture
that many rules (including positional scoring rules, elimination rules
and Condorcet-consistent rules) agree on the same winner in the case
of three candidates. This work was complemented via Monte-Carlo
simulations by Lepelley et al. [30] for more than three candidates.
Similar results with explicit formulas have been found under anony-
mous impartial culture for three candidates [19]. Most of these works
focus on three candidates, sometimes four [28], under the impartial
(sometimes anonymous) culture and try to provide explicit formulas.
In contrast, we focus on single-peaked distributions with an arbitrary
number of candidates and analyze the conditions of convergence to-
ward the same outcome.

In another perspective, many works have studied the Condorcet ef-
ficiency of voting rules (see Gehrlein and Lepelley [24] for a survey),
i.e., their probability to elect a Condorcet winner, which can be seen
as exploring how much these rules agree with Condorcet-consistent
rules. This question has also been investigated for structured cultures,
such as impartial (anonymous) culture over the single-peaked do-
main [20, 29, 31], and Pdlya-Eggenberger urns [23, 34] but, as far as
we know, only for three candidates.

Another close question is the notion of consensus [17, 27], which
is essentially setting a distance to find the closest election that sat-

isfies consensus, i.e., the one where the minimum number of vot-
ers would disagree. Beyond voting rule agreement, the likelihood
of the occurrence of voting paradoxes has been widely investigated
[24, 45]. In addition, following the idea of asymptotic results, many
studies have been conducted in machine learning, making the link be-
tween a voting rule and a maximum likelihood estimator [3, 11, 44].
In the same perspective, a work on the asymptotic probability of ties
in elections was proposed [46]. While these directions may some-
times be outside of voting theory, it highlights the importance of our
research question.

3 The Model

For any positive integer k, let [k] denote the set {1,...,k}. Let N
be a set of voters where N = [n], and M be a set of m candidates
where M = {z1,...,Zm}. BEach voter ¢ € N has preferences over
candidates represented by a linear order >; over M the preference
profile is denoted by >== (>;):cn. Let II"* be the set of all possi-
ble preference orders for m candidates. For a given preference order
;€ II™, the rank of candidate « in >; is denoted by r., (x), i.e.,
rei(2) = {y € My = 2},

We consider a common preference restriction, namely single-
peakedness [5]. A preference profile =€ (II™)" is single-peaked
if there exists an axis > on M such that, for every voter ¢« € N, and
each triple of candidates x > y > z, wehavey >; zory >; z.
All along the article, we consider, w.l.o.g., an axis > on M such that
x1 > -+ > Tmy. Let IIT be the set of all possible single-peaked
preference orders w.r.t. axis > on M.

3.1 Voting Rules

A voting rule F : (TT™)™ — 2™ \ {0} selects a non-empty subset
of candidates for each preference profile >-€ (II"™)". A scoring rule
F is associated with a score function s” : M — R and selects the
candidates maximizing this score, i.e., F(>) € arg maxzenr s7 ()
for every preference profile =€ (II™)".

A positional scoring rule (PSR) F is characterized by a positional
score vector « = (au,...,0m) such that a1 > -+ > o, and
Qa1 > Oy, in such a way that the winner of the election under F
maximizes the sum of the position scores given by each voter ac-
cording to the position of the candidate in the voter’s preferences,
ie, F(>) € argmaxsen Y,y Ory, (x) fOr every preference pro-
file > € (II"™)™. The k-approval voting rule, for k € [m — 1], is a
particular case of PSR where «v; = 1 for all j € [k], and a; = O for
all k£ < j < m. The plurality rule corresponds to the 1-approval rule
and the vero rule is the (m — 1)-approval rule. The Borda rule is the
PSR characterized by an evenly spaced positional score vector, e.g.,
a=(m-1m-—2,...,1,0).

Instead of evaluating the candidates on their absolute position in
the voters’ preferences, other voting rules take into account pairwise
comparisons of candidates. A candidate x is the Condorcet winner
in preference profile € (II™)™ if it beats all the other candidates
in pairwise comparisons, i.e., [{i € N : & >; y}| > [{i € N :
y > x}l|, for every candidate y € M \ {z}. A weak Condorcet
winner = is such that |[{i € N : ¢ >; y}| > |[{i € N : y >; z}|,
for every candidate y € M \ {z}. In general, a (weak) Condorcet
winner does not always exist. However, a weak Condorcet winner
always exists when the preferences are single-peaked as well as a
Condorcet winner when, additionally, m is odd [6]. A voting rule
which always elects the Condorcet winner, when it exists, is called
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Condorcet-consistent. Note that PSRs are not Condorcet-consistent
[15].

3.2 Voting Cultures

Let us denote as C'(n, IT,,; ) the probability distribution of drawing n
preference orders from II7,,, C II" to constitute a preference profile
=€ (II™)™. Such a probability distribution C(n, II},,;) is called a
culture.

When voters’ preferences are selected independently and identi-
cally distributed, the culture can be defined as drawing n preference
orders >; from a given preference distribution 7™ : II"™ — [0, 1]
with 3y 7™ (i) = 1. The probability for a candidate z; to
be ranked at position £ € [m] under preference distribution 7™
is given by P7*(j, k) = Z>ienmzr>j(mj):k 7w (>;). Moreover,
the probability for a candidate = to be ranked before a candidate
y under preference distribution 7™ is given by P7'(z =; y) =
Doeemmus,y T (i) When the context is clear, the superscript
m may be omitted.

Let S7 () denote the random variable giving the score of a candi-
date 2 € M for a voting rule F. Let E[S” (z)] denote the expected
score of candidate = for voting rule F under distribution 7. For a
PSR F characterized by a positional score vector « and a preference
distribution 7, the expected score of each candidate x is given by

E[S7(2)] = 2y enm 7(=i) * @ (@)

3.3 Convergence to the Expected Winners

When voters’ preferences are identically and independently drawn
w.r.t. distribution 7 and I, [S” (z)] is finite for any = € M, by
the law of large numbers, the expected winners Wy (F) of F un-
der 7 are W, (F) := argmaxsenm E-[S7(z)]. A candidate
is an asymptotic (weak) Condorcet winner under distribution 7 if
Pr(z =i y) > 5 (tesp., Pr(z = y) > 3), foreveryy € M \ {z}.

In addition to the guarantee of convergence to the election of ex-
pected winners, we provide below a lower bound on the probability
that an expected winner actually wins, when we draw voters’ pref-
erences independently and identically with respect to a distribution
.

Theorem 1. Consider a positional scoring rule F defined by a
score vector «, and a preference distribution T over the set of can-
didates M. When the set of expected winners, defined as Wy (F) =
arg maxzen B[S ()], is a singleton, i.e., Wx(F) = {x}, the
probability that F elects x satisfies

Pr(z € F(>)) > L.(F),

=1-2 max
YEM\Wr (F)

<_2n (4 (y) — Bs [Sf<y>1)2>
exp

(max; a; — minj a;)*

maxzenr Ex[ST (2)] + Ex[ST (y)]
2

We can thus deduce a lower bound for the speed of convergence
for the agreement of several voting rules.

and piy (y) =

Corollary 2. For two positional scoring rules F1 and F> whose
expected winner set under a preference distribution w is the same,
ie, C = Wi(F1) = Wx(F2), the probability of their agree-
ment for electing the same unique candidate from C is such that:
Pr(Fi(>) = F2(>)) = min{Lr(F1), Lx(F2)}.
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3.4 Single-Peaked Distributions

We particularly consider distributions based on the single-peaked do-
main. For a given axis > over M, a culture C'(n,II"™) is single-
peaked if C'(n,II"™) = C(n, IIT).

Let us define the symmetry with respect to the single-peaked axis
via the bijection 7 : [m] — [m] which associates with each can-
didate x; its symmetric candidate 2, (;) where 7(j) = m — j + 1.
A single-peaked preference distribution 7 : IIZ — [0,1] is said
to be symmetric if P7'(j,1) = P7(r(j),1), for every candidate
x; € M. Symmetric single-peaked distributions form a rather large
family of single-peaked distributions which include, e.g., the distri-
butions 7 such that P (z; =i xj11) = P (2, > Trj41))
for every j € [[ % ]], but not only. Using symmetric single-peaked
distributions turns out to be very natural, in order to derive experi-
ments on the single-peaked domain, without any additional informa-
tion than the single-peaked axis. In particular, two distributions are
commonly used in the literature to sample single-peaked elections:
Walsh’s [43] and Conitzer’s [13] distributions; they are symmetric
and capture different types of impartial culture on the single-peaked
domain. Roughly, the idea is either to uniformly draw every single-
peaked preference order [43], or to uniformly draw every peak candi-
date and then construct the rest of the preference order by uniformly
choosing the next candidate to rank between the closest available
candidates on the single-peaked axis [13].

Definition 1 (Walsh’s distribution). Walsh’s distribution mww
7 — [0,1] is such that ww (i) = 37—, for every =;€ TIZ.

Definition 2 (Conitzer’s distribution). Conitzer’s distribution w¢ :
. _ 1 1

oY — [0, 1] is such that mc (=) = = - Sl G ) T

for every ;€ IIT.

This definition adequately translates the algorithm proposed by
Conitzer [13]. The peak is selected uniformly at random, correspond-
ing to the % term. Once the peak is fixed, the next candidate is
chosen uniformly among the two candidates adjacent on the axis >,
making the process dependent on the relative positions of the two ex-
treme candidates. Specifically, once one of these two extreme candi-
dates is selected, the rest of the ranking is completed by successively
adding the remaining candidates on the same side with respect to the
axis >.

In this article, we aim at understanding the behavior of voting rules
under single-peaked distributions. In particular, we analyze the con-
ditions under which PSRs agree, how the expected winners are lo-
cated with respect to the single-peaked axis and whether they are
asymptotic (weak) Condorcet winners.

4 The Single-Peaked Domain

Let us start with structural properties of the single-peaked domain.
We first recall that |TTT'| = 2™~!. We give below a useful observa-
tion on possible candidates’ positions in single-peaked orders.

Observation 3. Candidate x; can never be ranked at a position k >
max{j,m — j + 1} in a single-peaked order.

We continue our preliminary remarks on the structure of the
single-peaked domain with the next lemma, already stated by
Boehmer et al. [7], which will be useful to compute the probability
for a candidate to be ranked at a given position.
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Lemma 4 (Boehmer et al. [7]). The number of single-peaked pref-
erence orders in 11T in which candidate x; is ranked at position k is
given by the following formula, for each j, k € [m]:

. k—2 m—k m—k )
on-s(520)+ ()

Let C™* denote the set of median candidates in the single-peaked
axis, this set is a singleton in case m is odd and is a pair of candidates
in case m is even, i.e.,

c ::{ {a;‘[%"} %fm%SOdd '
{zm,2m,} ifmiseven

These candidates play an important role in the single-peaked do-
main. We first show below that more preference orders rank them at
good positions compared to the other candidates.

Lemma 5. For every median candidate x. € C* and any other
candidate x; € M\ C™, there exists an index ym (j) € [max{j, m—
J + 1}] such that D (c, k) > Dm (4, k) for every 1 < k < v (4)
and D (j, k) > Dm/(c, k) for every vm (j) < k < max{j,m—j+
1}

Moreover, we show below that many natural single-peaked distri-
butions favor the median candidates by tending to make them (weak)
Condorcet winners.

Proposition 6. Every symmetric single-peaked preference distribu-
tion makes the median candidate(s) asymptotic weak Condorcet win-
ner(s). When m is odd, the unique median candidate is the asymp-
totic Condorcet winner under any symmetric single-peaked distribu-
tion ™ which assigns a positive probability to rank the median can-
didate first, i.e., Pr(c,1) > 0 for z. € C*.

5 Walsh’s Distribution

We first study Walsh’s distribution (Definition 1), which corresponds
to impartial culture on the single-peaked domain. The probability
that a candidate appears at a given rank then directly follows from
Lemma 4.

Observation 7. The probability Pr, (j, k) that candidate x; is

ranked at position k under Walsh’s distribution, for each j, k € [m],

Dm (5,k)
om—1

is equal to P, (j, k) =

We first establish that this distribution favors the median candi-
dates since their expected score under every PSR is at least as large
as the one of any other candidate.

Proposition 8. For every PSR F, the median candidates always be-
long to the expected winners of F under Walsh’s distribution, i.e.,
C* C Wiy (F).

Sketch of proof. One can show that the expected score of a median
candidate is at least as large as the expected score of any other candi-
date, no matter the chosen positional score vector for the PSR. When
comparing the expected score of a candidate ¢ € C™ with the one
of any other candidate z; € M \ C*, we can restrict our attention,
w.l.0.g., to the median candidate z. := Trmy € C™ and to any can-
didate x; such that j < [%] (by symmetry w.r.t. the single-peaked
axis). By Observation 3, the expected score of a candidate z;, for
Walsh’s distribution and a PSR F characterized by the positional

! By convention, () =0 whenk > nork < 0.

score vector a, is given by By, [S7 (x;)] = S/ %
and By, [S7 (2.)] = ,LC:%IJH Zm(3k) . o), One can then show to
conclude that B, [ST ()] — By, [S7 (25)] > 0. O

We now aim to characterize the PSRs for which the median can-
didates are the only expected winners. We identify them as the PSRs
whose associated positional score vector « is such that there exists an
index £ € [| % | 4+ 1] with oy > p11. We call them first-prioritizing
PSRs. Note that all k-approval rules for & < || 4 1 are first-
prioritizing, as well as the Borda rule.

Theorem 9. The median candidates are the unique expected winners
of a PSR F under Walsh’s distribution, i.e., Wry,, (F) = C*, iff F
is first-prioritizing.

Sketch of proof. Consider a PSR F characterized by a score vector
such that there exists an index £ € [| % | 4 1] for which oy > g 1.
We compare a median candidate . € C™ and another candidate
xj; € M\ C” where, wlo.g, c:= [%]and j < c. By Observa-
tions 3 and 7 and Lemma 5, one can prove that:

Eryy (57 (20)] — Enyy [S7 ()]

L2J+1_@ (c,k) m—7j4+1 Dm(5,k)
Z 27%— Ok = 2 =1 72':;, S

= it (ZW)( (e, k) = P (3, K) - cut
SEI 1 (D k) = DG, K)) - o)
> G (T2 Dule k) = ZET Tl k)) = 0

Hence, the expected score of a median candidate is always greater
than the one of any other candidate x;.

For a PSR F characterized by a vector « where a; = -+ =
o, with £ > |3 | 4 1, one can prove that both =1 € C* and
zrmy_y € M\ C are expected winners. O

By Proposition 6 and Theorem 9, the first-prioritizing PSRs tend
to elect the (weak) Condorcet winner(s) under Walsh’s distribution.

Corollary 10. Under Walsh’s distribution, all first-prioritizing PSRs
and Condorcet-consistent rules asymptotically agree to elect the me-
dian candidates.

We show a good lower bound for the convergence to the same
outcome for a subset of first-prioritizing PSRs, which contains k-
approval rules and the Borda rule.

Proposition 11. For all k-approval voting rules that are first-
prioritizing and the Borda rule, under Walsh’s distribution, the prob-
ability of their agreement for electing one candidate from C* is lower
bounded by L (JF1) where F refers to the plurality rule.

As an illustration, by Proposition 11, for m = 5, we have
Py, (Fi(>) = C*) > 1 — 2¢~ 755 and for n = 600, the prob-
ability of agreement is lower bounded by 0.98.

6 Conitzer’s Distribution

We now analyze Conitzer’s distribution (Definition 2), which consid-
ers a uniform distribution not on the whole single-peaked domain,
as Walsh’s distribution, but on the peak candidates of the single-
peaked orders. It follows that the probability for a given candidate
to be ranked at a given rank is a bit less direct, as already stated by
Boehmer et al. [7].
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Lemma 12 (Boehmer et al. [7]). The probability that candidate x ;
is ranked at position k under Conitzer’s distribution, for each
jok € [m), is equal 10 P, (j, k) = QU k) + Q(m — j + 1, k)

where:
5 fk<j
QU.k) =% s ifk=3j
0 otherwise

We first characterize the expected winners of all k-approval rules.

Proposition 13. The expected winners of the k-approval rule F un-
der Conitzer’s distribution are:

Mifk =1

{Zr, Tk 1<k <[] 41
{z; € M : max{j,m — j + 1} < k} otherwise

W?fc (]:) =

Sketch of proof. We compute the expected score of a candidate x;
where, w.lo.g., j € [[%]]. By Lemma 12,
%k

m ifk<j
i k . .
B, [$%(e,)] = 4 2m T om La=rgn k=
e J 2Lk ifj<k<m-—j+1
iftk>m—-j+1
We can then derive the expected winners w.r.t. k. O

Hence, the only k-approval rule which tends to elect the median
candidate(s) as unique expected winner(s) is [%1 -approval (and F +
1-approval if m is even).

We now characterize more precisely the PSRs which tend to elect
the median candidate(s).

Theorem 14. The median candidates are the unique expected win-
ners of a PSR F under Conitzer’s distribution iff the positional score
vector o associated with F satisfies the following inequality, for ev-
eryl <j<[2]:

rg1-1 g
Z oy + ﬁ(m) + Oé%]l{m even} > Z oy + 6(]7 m)
L=j+1 L=[13+1

where B(m) = ([5] — Darzy + (3] + Doz and
6(j,m) = (j = Dy + (m = j + Dem—j1.

A sufficient condition is f(m) > 6(j, m), for every j < [%].

Sketch of proof. Consider a PSR F characterized by a score vector
a. Let us compare a median candidate . € C™ and another can-
didate z; € M \ C* where, wlo.g., j < c := [%]. The median
candidates are unique expected winners iff, for every j < ¢, we have
Ere[S7 (2c)]=Fre [S” (x;)] > 0. One can prove that this is equiv-

('7-'71 m m
alent to 32,2y ae + ([F] = Dargy + (1] + Dopg i +
0 Lo > (1= 1)y + S0 0y 0+ (m— 4+ Damoyin.
m1_1 m—i
We always have ngjll o+ am iy een) > ZL’:FJ%]-H .
Hence, a sufficient condition is ([3] — Dar=y + ([5] +
Do jyr > (G = Doy + (m — j+ Dom—j41.

We observe that the Borda rule satisfies the sufficient condition of
Theorem 14, as well as [ % |-approval (and (%5 + 1)-approval if m
is even), proving that these rules eventually elect the median candi-
dates (as already observed in Proposition 13 for the approval rules).
While Theorem 14 is not immediately interpretable, the following
provides some intuition. Indeed, the underlying intuition is that the
characterization corresponds to PSRs associated with a score vector

(a1, -+, am) such that the first half of the scores is strictly greater
than the second half but, for more than 4 candidates, not with too big
a gap. More precisely, for m=3 and m=4, we must have ccoa > as
and a2 > a3 or ag > au, respectively, and for m=5, we must have
g > azorag > aqand az < 5-as —4- aq. Note that, in addition
to Borda and [m/2]-approval, this also includes, e.g., all PSRs such
that a; = 0if i > Lm/Zj +land ae < 2- Q| m/2]+1-

Corollary 15. The median candidates are the unique expected win-
ners of the Borda rule and the [%3]-approval rule (as well as
(% + 1)-approval if m is even) under Conitzer’s distribution.

m

By Proposition 6 and Corollary 15, the Borda rule, [ ]-approval,
as well as all rules identified in Theorem 14 tend to elect the (weak)
Condorcet winner(s).

Corollary 16. Under Conitzer’s distribution, the Borda rule, [%]-
approval, and Condorcet-consistent rules asymptotically agree to
elect the median candidates.

As an illustration, when we apply Theorem 1 with Borda for m =
5, we have P (F(>-) = C*) > 1 — 2¢~ 3200 . For example, for
n = 2000, we have a lower bound of 0.99 for the probability to elect
the median candidate.

7 Unbiased Distributions

In this section, we aim to identify single-peaked distributions which
do not favor any candidate by design, with respect to a given PSR. A
preference distribution 7 : II"™ — [0, 1] is said to be unbiased w.r.t.
a given PSR F if all candidates are expected winners of F under
7, ie., Ex[ST (2)] = Ex[ST (y)], for every x,y € M. Note that
the existence of an unbiased distribution w.r.t. a given PSR can be
decided in polynomial time by solving a system of linear equations
with real variables.

We first characterize the single-peaked distributions which are un-
biased w.r.t. k-approval rules.

Theorem 17. There exists an unbiased single-peaked distribution
w.r.t. the k-approval rule iff k divides m.

Sketch of proof. 1f k divides m, then there is an integer ¢ such that
m = k-q. We partition the candidates M in ¢ groups of size k where
Xj =A{zg-1k+1,...,zjn}t foreachj € [ql,and M = | |, X
For each group X;, let P; denote the non-empty set of single-peaked
preference orders where the k candidates in X; are ranked among the
first k candidates, i.e., P; := {>;€ I1T : v, (z) < k,Vz € X;}.

One can prove that the distribution 7 such that 3, P, (i) = %

for each j € [g], and 7(>;) = O for all =;€ T\ Ujerq B is
unbiased w.r.t. k-approval. O

From Theorem 17, no single-peaked distribution can be unbiased
w.r.t. k-approval, for any k& > m /2 when m > 2, which includes the
veto rule (i.e., (m — 1)-approval). Alternatively, there exists a family
of single-peaked distributions which are unbiased w.r.t. the plurality
rule (i.e., 1-approval), including Conitzer’s distribution. In addition,
we show that Conitzer’s distribution is unbiased only w.r.t. plurality,
leading to the following statement.

Proposition 18. Conitzer’s distribution is unbiased w.rt. a posi-
tional scoring rule F iff F is the plurality rule.
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Sketch of proof. Suppose that Conitzer’s distribution w¢c is unbi-
ased w.r.t. some PSR F defined by the positional score vector a.
Since all candidates are expected winners of F, we have in par-

ticular B, [S7 (z1)] = Er.[S7 (x2)], which leads to a,, =
% cao + %’2 - am—1. Because aa > -+ > auy, it implies that
Q2 = -+ = Qum, and a1 > iy, thus F corresponds to the plurality
rule. O

In contrast, we prove that Walsh’s distribution can never be unbi-
ased because, no matter the chosen positional score vector, the ex-
pected score of a median candidate will always be strictly greater
than the one of an extreme candidate in the single-peaked axis.

Proposition 19. No PSR can make Walsh’s distribution unbiased.

We now consider a very degenerate distribution which only puts
positive equal probability on the two extreme orders in the single-
peaked domain.

Definition 3 (Polarized distribution). The polarized single-peaked
distribution w : 1T — [0, 1] is defined as:

7T(>-i)—{ % 1 >i - >i Tm OF Ty >4 +++ i T1

1 0 otherwise

Although it is degenerate, the polarized distribution is neverthe-
less symmetric and is the only single-peaked distribution which is
unbiased w.r.t. the Borda rule.

Theorem 20. A single-peaked distribution is unbiased w.r.t. the
Borda rule iff it is the polarized distribution.

Proof. The Borda rule is characterized by, e.g., the positional score
vector (m — 1,m — 2,...,1,0). Under the polarized distribution,
each candidate x; can be ranked either at position j or at position
m — j + 1, with equal probability. It follows that the expected score
of each candidate z; is equal to 2 (m — j) + 2 (j — 1) = 3(m —1).
Therefore, the polarized distribution is unbiased w.r.t. the Borda rule.

Let us now prove that no other distribution is unbiased w.r.t. the
Borda rule. Suppose that there exists a single-peaked distribution 7
which is unbiased w.r.t. the Borda rule. Observe that, globally, all
the Borda scores that have been distributed to the candidates are
€qual 103, e 7(i) - ey (M= 7y () = 3, gy (-

) - m(”;*l) . Therefore, since all m candidates must

have the same expected score, it must be equal to mT_l Let us de-
note by II7'(1) and IIT (m) the set of single-peaked orders where
candidate x1 and x,, are ranked last, respectively. We have IIT =
(1) U T (m). Candidates x1 and z,, get zero points in T1T'(1)
and I17 (m), respectively. Since the maximum number of points to
get is (m — 1), for z1 and x,,» to get an expected score of mTfl,
the distribution should be balanced between ITT (1) and IIT (m),
i.e., we must have Zmen'gl(l) (=) = Zmengl(m) (=) = %
Moreover, for 1 and x,, to reach an expected score of exactly
mT_l on only half of the single-peaked orders, they must get m — 1
points, i.e., be ranked at the first position, in the orders with pos-
itive probability in their half. Since both z; and x,, are ranked
first in exactly one single-peaked order, i.e., in the extreme orders
T1 > T2 >i -+ =i Tm and Ty, >4 - -+ >4 T2 >; T1, respectively,
7 must assign positive equal probability to exactly these two orders,
leading to 7 being the polarized distribution. O

_ m(m-—1)
2

8 Other Structured Distributions

Finally, we explore structured preference distributions other than
single-peaked ones in order to determine whether similar results can

be reached. In particular, we study unimodal distributions, including
the famous Mallows’ distributions [32], introduced in voting theory
by Goldsmith et al. [26], and P6lya-Eggenberger urn [16] introduced
in voting theory by Berg [4].

8.1 Unimodal Distributions

The Kendall tau distance evaluates the similarity between two pref-
erence orders by counting the number of pairwise comparisons on
which the two orders disagree, i.e., distxr(>:,=;) = [{(z,y) €
M? : x =; yandy >; z}|, for every =;, ;€ II™. The fre-
quency of a preference order ;€ II™ in a preference profile >€
(IT™)™ is denoted by f(>4,>). A preference profile »=¢€ (II"™)"
is unimodal [12] if there exists a mode =*€ II'™, i.e., a reference
preference order, such that f(>~;,>) > f(>;,>) iff distgr(>-"
, i) < distgr (=", >;), for every pair of preference orders >;
, >4 €>. Positively discriminating rules [12] are social welfare func-
tions which always return the mode as the outcome of the election.
Both PSRs and Condorcet-consistent rules are positively discrimi-
nating.

We adapt the definition of unimodal profile to distributions. A
preference distribution 7 : II"™ — [0,1] is said to be unimodal
if there exists a mode >*€ II"™ such that w(>;) > =(>3) iff
distr(>*,>i) < distgr (=", ), for every pair of preference
orders >;,=;€ TI"™. We consider independent and identical voter
preference drawings. By using the Glivenko-Cantelli theorem [10],
we deduce that any unimodal distribution will asymptotically gener-
ate a unimodal profile, where PSRs and Condorcet-consistent rules
agree to select the winner of the mode.

Corollary 21. Under unimodal distributions, all PSRs and
Condorcet-consistent rules asymptotically agree to elect the first-
ranked candidate of the mode.

We go further and give a bound for the speed of convergence to-
ward agreement in terms of election size.

Proposition 22. For a unimodal preference distribution w, the
probability that all PSRs and Condorcet-consistent rules agree
is lower bounded by Br := 1 — 2exp(—2ne?), for ¢ =
min>i,>jer[m |7T(>—i) — 7T(>-j)‘.

A typical example of unimodal distributions are Mallows’
distributions M®°, for given ¢ € TI™ and ¢ € [0,1],
defined by Py 4..(>i) = %qﬁdmfﬁ(}i"’) where Z =
Dosemm PPt (=:9) Mallows’ distributions are unimodal when
¢ < 1. We give below an example of the speed of convergence under
Mallows’ distributions.

Example 1. Under a Mallows’ distribution %, we get ¢ = ¢* -
(1 — ¢) with k := maxy distgr (o, ;) and thus the bound for
agreement is B,.¢.o =1 — Zexp(on(W)g).

If = 0.1, m = 3 (then k = 3) and n = 2,000, 000, we have
Brso =092 If ¢ = 0.9 m = 3and n = 400, B, 4, = 0.97.
When more weight is given to orders close to the mode, voting rules
agree faster than when the Mallows’ distribution gets closer to im-
partial culture (i.e., ¢ = 1).

8.2 Polya-Eggenberger Urn

In the Pélya-Eggenberger urn model, we consider an urn initially
containing m/! balls representing the m! different preference orders
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from II™, i.e., each £ preference order from II™ is initially drawn
with probability 5, = % To draw our preference profile > with
n voters, for each voter, we draw a ball and assign to the voter the
corresponding preference order and put it back into the urn with R
additional balls with the same preference order and R > 0. We will
assume R = m! - r, for a given parameter 7.

The following result generalizes the asymptotic result from
Gehrlein [19] for three candidates under impartial anonymous cul-
ture (when R = 1).

Proposition 23. Under the Pdlya-Eggenberger urn culture, the
probability that all PSRs asymptotically agree is lower bounded by
%ifr< %andm:&andbyiifr< %andmzél.

We now analyze the agreement between plurality and Borda rule.

Proposition 24. Under the Polya-Eggenberger urn culture, the
probability that plurality and Borda asymptotically agree is lower
boundedby%ifr < %andm:?), and by % ifr < %andm=4.

To give a comparison, under Walsh’s distribution, for the agree-
ment of plurality and the Borda rule to the election of median can-
didates C*, we have a lower bound given by the plurality rule F;
(by Proposition 11) which is as follows: if m = 4, P, (F1(>) =
c*)y > 1- 2e7 35 s larger than % when n > 52. Therefore, we
are able to compare lower bounds and tell that the lower bound of
Pélya-Eggenberger urn for r < é is reached from n > 52 for the
lower bound of Walsh’s distribution.

We finally prove a positive probability of disagreement asymptot-

ically for every pair of PSRs.

Proposition 25. [f the election is drawn with a Polya-Eggenberger
urn culture with R < 4 then every pair of positional scoring rules
F1 and Fo asymptotically disagree with a positive probability, i.e.,
limy, oo P(F1(>) # Fa(>)) > 0.

This result means that any pair of positional scoring rules will dis-
agree on a nonempty set asymptotically. Thus, we cannot achieve the
same type of convergence results as in single-peaked distributions.

9 Conclusion

We have studied the probability of agreement of different voting
rules under two single-peaked cultures, classically used for experi-
ments in social choice, namely Walsh’s and Conitzer’s distributions.
These distributions tend to favor the election of median candidate(s)
in the single-peaked axis, and these candidates also turn out to be
(weak) Condorcet winner(s), implying the agreement of several po-
sitional scoring rules (PSRs) with all Condorcet-consistent rules.
This (weak) Condorcet efficiency holds in general for all symmetric
single-peaked distributions, which are natural distributions for exper-
iments when no additional information other than the single-peaked
axis is available. We nevertheless observe that Conitzer’s distribu-
tion is less biased toward the median candidates because it happens
to be unbiased w.r.t. one PSR (namely plurality), contrary to Walsh’s
distribution. While these single-peaked distributions enable fast con-
vergence to agreement, this is also the case for other structured distri-
butions, such as unimodal ones, where the agreement is very general
among voting rules and convergence is rapid. This behavior cannot
be extended to Pdlya-Eggenberger urns where the probability of dis-
agreement is non-negligible, even if it remains high in some particu-
lar cases.

Our findings highlight that particular attention should be taken
when using voting cultures for experiments in social choice. Indeed,
since we identify cultures in which the agreement of different voting
rules rapidly agree as the number of voters increases, conclusions
drawn from experiments testing different voting rules for a problem
should be interpreted with caution. One could imagine very different
conclusions about a problem, not because of the problem itself, but
because of the culture used: impartial cultures versus single-peaked
cultures, for example. The take-home message of our results is to
warn the community to be careful when using such cultures in exper-
iments because some interpretations could be biased by the fact that
voting rules mostly agree under these cultures.

Future work could consider bounds on the probability to agree in
finite elections with P6lya-Eggenberger urn. The difficulty, however,
lies in the dependent structure of this distribution. One idea could
also be to consider nearly single-peaked distributions to bridge the
gap between impartial and single-peaked cultures and be closer to
real political elections. Furthermore, when voting rules asymptoti-
cally agree, we might conjecture that the probability of not satisfying
certain axioms might also decrease as the election size increases. Fi-
nally, the same study could be done in a strategic model where voters
can manipulate [35].
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